ABSTRACT. B. H. Neumann's characterization of groups possessing a finite covering by proper subgroups and Baer's characterization of groups with finite coverings by abelian subgroups are refined to results about finite coverings by normal subgroups.
Introduction and results.
A group is said to be covered by a collection of subgroups if each element of the group belongs to at least one subgroup in the collection. The collection is called a covering of the group [9, p. 105] . A covering is called nontrivial if the collection consists of proper subgroups, and trivial otherwise.
In The main topic of this paper is the characterization of groups which have nontrivial finite coverings by normal subgroups and finite coverings by normal abelian subgroups. Our results are as follows: THEOREM l. A group has a nontrivial finite covering by normal subgroups if and only if it has a quotient isomorphic to an elementary abelian p-group of rank two for some prime p.
In [5] , KontoroviC discussed the structure of finite groups with nontrivial normal coverings.
We want to list several corollaries to Theorem Previously, the third author of this paper considered coverings by verbal subgroups; see [4] . In the case of finite coverings of this kind, the following result was obtained:
. Every finite covering of a group consisting of verbal subgroups is trivial.
The proof of this theorem presented here simplifies the original one by reducing it to the case of finite groups. Also, it removes a gap which seems to appear at one point in the first proof.
We want to mention that this result cannot be extended to finite coverings by characteristic subgroups, since Heineken has constructed finite p-groups of class 2 in which every normal subgroup is characteristic; see [3] .
As in the case of Theorems A and B, the following result, due to B. H. Neumann, is essential for the proofs of our results. THEOREM C [7, 4.4] . Let G = U"=i#»0i where Hu...,Hn are (not necessarily distinct) subgroups ofG. Then if we omit from the union any coset HiÇi for which [G : Hi] is infinite, the union of the remaining cosets is still all of G. A group G is called a PNS-group if every nontrivial proper normal subgroup has a proper normal supplement. Every simple group is a PNS-group in a trivial way. ' We want to thank the referee for suggesting Corollaries 2 and 3.
The property of being a PNS-group is not inherited to homomorphic images as can be seen from the following example: Let G = \\ Cp be the unrestricted direct product over all cyclic groups Cp where p ranges over all primes p. Then G is a PNS-group. Let T be its torsion subgroup. The quotient group G/T is a torsion free divisible group which is not a PNS-group. However we have: LEMMA 2. Every direct factor of a PNS-group is a PNS-group. We conclude that G itself is the direct product of simple groups. Conversely, assume that G is the direct product of simple groups. If G is abelian, it can be seen easily that G is a PNS-group, since G is the direct product of elementary abelian p-groups. Without loss of generality we can assume that G is not abelian. Suppose that G is a finite group of minimal order with G = UÍLi W»> w^tn eacn Wi a proper normal subgroup of G, but G has no quotient isomorphic to Cp x Cp for any prime p. To show G is a PNS-group, let K < G and 1 ^ K ^ G. Then G/K = Ur=i WiK/K. Since G was of minimal order it follows that this covering of G/K is trivial. Without loss of generality we can assume that G = W\K. Hence W\ is a proper normal supplement of K. Thus G is the direct product of simple groups by Lemma 3. If G is abelian we conclude that G is a cyclic group of squarefree order. In this case G has no nontrivial finite covering. Thus we can assume that G = H x M where H is simple of composite order.
Since contradicting our assumption that we had a nontrivial covering of G. Thus, if our theorem fails to be true, there exists a finite group G/N which has a nontrivial covering by verbal subgroups.
Let H be such a group of minimal order having the property that The simplicity of each H% implies that W(H) is a proper verbal subgroup of H if and only if W(Hi) = 1 for at least one i/¿. This implies that any h £ H with nonidentity components for each i is contained in no proper verbal subgroup of H, contradicting our assumption that H had a nontrivial covering by verbal subgroups. Hence no finite group, and therefore no group, has a nontrivial covering by verbal subgroups. D
